A finite one-dimensional microscopic model of a superfulid is presented. The model consists of interacting Bose particles with an additional impurity particle confined to a ring. Both semiclassical and exact quantum calculations reveal dissipationless motion of impurity with increased effective mass due to its interaction with the excitations of Bose fluid. It is shown that both the excitation spectrum of Bose fluid and the excitation spectrum of impurity can be analyzed using the structure of the ground state of the system.
I. INTRODUCTION
Despite its maturity, the theory of Bose-Einstein condensates (BEC) and superfluidity remains an active field of research. New theoretical developments are motivated by a variety of modern experiments. Bose Einstein Condensates (BEC) of ultra-cold atoms in magnetic traps [1, 2] is currently an active experimental field. Another set of recent experiments studies microscopic superfluidity of liquid helium by spectroscopic measurements on molecules imbedded in superfluid Helium droplets [3, 4, 5] . It is generally observed that a microscopic impurity interacting with Bose liquid/gas behaves as a free particle with an effective mass that is greater than its original mass. Such dissipationless quantum motion is observed both for translational motion of particles in a superfluid environment as well as for rotations of molecules in superfluid helium droplets. The development of quantum microscopic theory of Bose fluid (BF) / impurity system has been the theoretical challenge. What is the collective wavefunction of this system and what is the nature of the effective mass? What happens with finite number of Bose particles and how is the macroscopic limit of superfluidity achieved?
A number of theoretical works have been devoted to answering those questions.
The system that has been accessible to analytical theory is a dilute, weakly interacting BEC (see, for example, [6] and references therein). In the seminal work of Bogoliubov [7] the excitation spectrum and the nature of excitations of dilute BEC was uncovered. This work set the stage for most of the further theoretical studies of this system. A number of authors used perturbation theory to consider the interaction of an impurity particle with BEC [8, 9, 10, 11, 12] . It was concluded that the Landau criterion holds for the quantum motion of a particle in the BEC, i.e. the motion of a particle is free up to a critical momentum. At low momenta the particle has the spectrum that resembles that of a free particle, E(k) ∼ k 2 , thus leading to an effective mass approximation. The effective mass was calculated by several authors within the Golden Rule limit of the particle/BEC interaction. In our recent paper we continued this work by developing a formal perturbation expansion of this system based on Coherent State Path Integral formulation of the particle/BEC dynamics [12] . We presented the diagrammatic representation of perturbation expansion that allows to evaluate particle properties in dilute BEC up to an arbitrary order of perturbation theory. Besides the perturbation theory another theoretical approach that gained popularity is the solution of the Gross-Pitaevskii equations for the BEC [13] . Gross-Pitaevskii can be viewed as the mean field equations of motion for the Bose field. It has been shown that many of the results obtained from the Gross-Pitaevskii equations, including dissipation and the effective mass of impurity particles, are the same as the ones obtained from perturbation theory [9] .
Despite its important physical insight, the perturbation theory often cannot be applied to calculate observables for realistic systems such as liquid helium. An approach taken by several theoretical groups has been the computational imaginary time path integral techniques [14] . The most recent work has been aimed at the studies of molecular rotations in superfluid helium [15, 16, 17, 18, 19, 20, 21] . Whaley and coworkers [16, 17, 18, 19, 20] has calculated the properties of helium droplets with a variety of molecules. Roy et al. [21] has considered the limit of very small helium clusters. In a number of cases the effective moments of inertia of molecules were computed and were shown to be in agreement with experimental values. However, being a powerful computation tool, this work is necessarily limited to the calculation of statistical rather than dynamical properties of the system and does not give a direct answer to the intriguing question of how does the motion of the molecule and motion of a superfluid uncouple.
A microscopic theory that has been successful in predicting the excitation spectrum of the bulk superfluid helium originated from the work of Bijl and Feynman [22, 23] . In this work the trial wavefunction of elementary excitation is built using the unknown wavefunction of the ground state by the use of the Fourier component of the density operator, ψ k =ρ k ψ 0 .
It is shown that the variational energy of such state is expressed through the structural properties of the ground state and is given by
, where S(k) is the superfluid structure factor. The Bijl-Feynman spectrum has qualitatively correct shape;
however, quantitatively it overestimates the excitation energy in the most relevant roton minimum spectral region. Subsequently the theory has been extended to include the multiple Feynman excitations, an approach generally known as a correlated basis functions (CBF) theory [22] . Several realizations of this theory lead to the excitation spectrum that agrees with the experimental one. Two type of extensions of the CBF have been applied to calculate the excitation spectrum of the 3 He impurity in the superfluid 4 He. One approach is based on the variational method [24] , while the other is based on the perturbation series [25, 26] .
Both calculations lead to results that are in quantitative agreement with experiment.
In this work we present a computational study of quantum dynamics of a very simple model system. The developed model retains many important features of the Bose superfluid, it is not limited to the low density and weak interactions, yet it is small enough that its quantum dynamics can be computed and analyzed exactly. The calculations presented below clearly show the effects of microscopic superfluidity in a finite, one-dimensional system. We analyze the results using the analytical theory developed for BEC and superfluid helium. The work provides an extensive illustration of these theories and allows to clearly understand the limits of their applicability. In the next Section the Hamiltonian of the model is presented.
In Section III the semi-classical equations of motion for the model are solved. It is shown that the model exhibits microscopic superfluidity and the nature of effective mass is revealed.
In Section IV the exact numerical solution for a pure BF is presented. We find the excitation spectrum of this system and compare it to the Bogoliubov's spectrum. In Section V the free-particle like excitation spectrum of impurity is obtained. Finally, in Section VI we show that the approach based on the Bijl-Feynman theory captures the essential physics of the impurity excitation spectrum and provides an accurate method for calculating the effective mass of impurity based on the structural properties of the ground state.
II. MODEL
The main object in our model is one-dimensional BF. In order to make it accessible for numerical calculations the system is made finite by confining the BF to a ring of radius R (enforcing periodic boundary conditions). The system schematically represented in Fig. 1 .
The Bose particles represented by empty circles interact by pair potential U (x i − x j ), where x i and x j are the coordinates of the particles on a ring, the difference x i − x j is the shortest distance between particles. An impurity which interacts with BF via the pair potential
, where x is the coordinate of an impurity and x i is the coordinate of ith Bose particle, can be added to this system. For the sake of computational simplicity the interaction potentials are taken to be Gaussians of unit widths, U (x) = αe −x 2 , and
Given such toy model, its exact Hamiltonian can be written in the secondary quantization form. The BF Hamiltonian adapted to one dimension iŝ
where The majority of the calculations are carried out for a liquid like system, where the average distance between particles is similar to the range of the pair potential, N/L ∼ 1. Since the interaction potential is smooth we do not expect large momenta to play an important role. It is verified in all our calculations that results are well converged when the momentum space is truncated by −N/R < k < N/R.
We will consider this model both with and without impurity. An impurity Hamiltonian is that of a free particle interacting with the Bose particles and can be written in coordinate representation for the impurity,
For the quantum calculations it is more convenient to express this Hamiltonian in momentum
were |k = (1/L) 1/2 e ikx is the momentum wavefunction of impurity, M is the mass of the impurity and V l is the Fourier transform of the impurity/Bose particle pair potential.
Another form of the system Hamiltonian that proves to be useful is its expression through the Fourier components of the density operator,
The BF Hamiltonian (1) can then be written aŝ
and the impurity Hamiltonian (2) becomeŝ
III. CLASSICAL DYNAMIC, DEMONSTRATION OF SUPERFLUIDITY
Even though full quantum calculations are obtained in the following sections, it is instructional to examine the classical dynamics of this system first. We notice that the Bose creation/annihilation operators of the system are equivalent to a set of oscillator degrees of freedom, i.e.Ĥ = 
where the function H({a * k , a k }, x, p) can be obtained by replacing operatorsâ + k andâ k by complex variables a * k and a k respectively, i.e.
H({a
The variables a and a * can be related to the classical momenta and coordinates via
The use of complex variables is convenient for such a Hamiltonian. The equations of motion, Eqs. (7) (8) (9) (10) , are equivalent to the Hamilton's equations given that Eq. (10) is the complex conjugate of Eq. (9) . Notice that in spite of the word "classical" this dynamics is not written in coordinates of particles. With the exception of the impurity particle the dynamics is carried out in the space of occupation numbers. Thus, the total number of particles is a variable. However, total momentum and total number of particles can be shown to be rigorously conserved. These equations of motion are in fact equivalent to the Gross-Pitaevskii equations [13] .
An important drawback of this theory is that the energy minimum does not depend on the interaction strength and is achieved by placing all of the Bose particles in the k = 0 state.
An analysis of the Hamiltonian Eq. (11) shows that H bf (a k , a * k ) has the global minimum at a 0 = a * 0 = √ N , and a k = a * k = 0 for k = 0. The latter was verified by performing an extensive numerical search. As a result such theory deals with rather unphysical state of the BF and the classical results may deviate significantly from quantum calculations. The Hamiltonian now includes all of the interaction terms with the different impurity/Bose interaction strengths. The motion appears to be nearly that of a free particle, except the velocity of the particle is different from the free particle value p 0 /M . The plot shows two curves with different particle/BF interaction strength, β = 0.3, and β = 1.0. The stronger interaction leads to a wavy motion of the particle. The oscillation of energy between the particle and BF can be attributed to the choice of initial conditions for BF, n 0 = N , n k = 0 for k = 0, which are not in the equilibrium with the moving particle. This result clearly illustrates the microscopic superfluidity of such system. The particle cannot transfer energy to the Bose system, yet the interaction with Bose liquid causes the particle to have an
To better understand the dynamics observed in these calculations let us first consider the dynamics of a pure Bose system (Eqs. (9,10) with V l = 0). Of course, the minimum of the Hamiltonian function is the stationary solution of equations of motion. Let us now consider a small deviation of one of the momentum coordinates from zero a k = 0 and a * k = 0. Doing so one obtains coupled equations of motion for a k and a * k
The simple diagonalization of these equations leads to the two normal modes that have the frequency given by the Bogoliubov spectrum
Thus the "classical" frequency spectrum of the BF normal modes is the Bogoliubov's spectrum. Note, that although we used the condensate number of particles, n 0 = a * 0 a 0 , in the above equations it is essentially the same as the total number of particles, n 0 ∼ N , due to the chosen initial conditions.
A particle moving with a velocity v exerts the time dependent driving force on every of the normal modes of the BF given by
This force is off-resonance with every normal mode of the BF if kv < (k), i.e. the Landau criterion is satisfied. Nevertheless, this force results in the forced oscillations of the normal modes giving rise to rescaling of the particle velocity. The energy at given velocity is the The first step is to introduce new set of creation and annihilation operatorŝ
These operators do not actually change the number of particles but rather promote particles from 0 to k momentum states. The commutation rules for these operators can be easily obtained to be
which reduces to the regular Bosonic commutation in the limit of large n 0 . We can then insert the identity operatorÎ =â + 0â 0 /n 0 to rewrite the Hamiltonian via the new operators aŝ
Note that we effectively excluded the creation/annihilation of the particles with k = 0. The sums in the Hamiltonian go over all momenta k = 0 and the Hamiltonian breaks into terms that are quadratic, cubic, and fourth-oder in these operators. The quadratic terms, that constitute the Bogoliubov's Hamiltonian, consist of the kinetic energy and the part of the interaction that is proportional to n 0 . The cubic terms are proportional to √ n 0 and the quartic terms are of the order of unity.
The next step is to diagonalize the quadratic part of the Hamiltonian. Following Bogoliubov we introduce the new operators using relationships,
The coefficient L k is chosen such that quadratic part becomes diagonal. As it is well known this procedure leads to the Hamiltonian,
with the spectrum (k) described by Eq. (14) and the coefficients
We do not neglect any of the higher order terms which, as calculations show, have significant effect on the spectrum. The terms that are cubic and 4-th order in operators B k , B + k are represented by H (3) and H (4) , respectively. They can be obtained by substituting Eqs. (20, 21) into Eq. (19) . For the sake of space we do not explicitly write down those obvious but lengthly expressions.
It readily verified that the ground state of the quadratic part of Hamiltonian Eq. (22) is given by
where |0 is the fully condensed ground state of ideal Bose gas (n 0 = N ). This is the state with no Bogoliubov's excitations. The basis set is then generated by the action of Bogoliubov's creation operators onto this state.
The numerical code generates a list of such basis states and sorts it according to their total momentum. A truncation of this basis at the maximum of 5 excitations is shown to produce converged results for a wide range of system parameters. A code then uses Hamiltonian Eq. (22) to build the Hamiltonian matrices for each total momentum k of the system.
These matrices are then diagonalized resulting in a set of eigenenergies, E
0 , E
1 , ... , and corresponding eigenstates, |ψ 
Indeed, this matrix element governs participation of an excited state in most physical processes. Note that the right hand side of this expression is precisely the state used by Bijl and Feynman to develop the theory of helium excitation spectrum [22] .
The calculated spectrum is shown in Fig. 3 Finally, at large momenta the elementary excitations approach the k 2 /2m limit of a single particle moving with the momentum k independently of BF.
Despite the fact that the system is one-dimensional its excitation spectrum clearly shows linear rise at small momentum, thus this system should retain superfluid-like properties for the purpose of impurity dynamics at zero temperature. The calculated slope of the spectrum at small k is significantly different than that of a Bogoliubov's spectrum, which indicates limited applicability of the classical mean-field treatment presented in previous Section. In the next Section we add an impurity to the BF and compute its energy spectrum using the results of the calculations presented above.
V. ENERGY SPECTRUM OF IMPURITY
It is natural to use the eigenstates of the BF obtained in the previous section in order to calculate the energy spectrum of an impurity. Using the momentum representation for an impurity particle we construct a basis set from the momentum states of an impurity and eigenstates of the BF found in the previous section. A basis function for a motion with total momentum p can be written as
Momentum, p, in this expression is a good quantum number; it is distributed between the impurity moving with momentum p − k and the excited state of BF with momentum k. We truncate the number of eigenstates of the BF that are used in the actual calculations. It is verified that the use of the 20 lowest states for each momentum k, (j = 1, 2, ... , 20) is sufficient; no improvement has been found for larger basis sets.
In order to calculate the matrix of the full Hamiltonian the following matrices of the density operator are pre-computed and saved as the result of the pure BF calculations described in the last section,
Using the Hamiltonian of the impurity in the form of Eq. (6) the Hamiltonian matrices are computed as
The energy spectrum of impurity E(p) is found by diagonalization of these matrices. The A successful theory of the superfluid helium excitation spectrum has been build on the assumption that the properties of the ground state govern the energy of the excitations. In particular, Feynman argued [23] that given the unknown ground state wavefunction |ψ 0 , the most natural wavefunction of the excited state with momentum k is given by
He then used the properties of the ground state to evaluate the average energy of the BF in such state. The first order approximation to the energy spectrum becomes
where S(k) is the ground state structure factor defined by
The structure factor can be related directly to the radial distribution function (RDF), g(r), of the BF as
This theory can easily be verified using the results of the calculation of section IV. The RDF, Eq. (33), calculated using the computed ground state of BF is shown in Fig. 5 . It is interesting to note that the for the particular choice of system parameters the repulsion of the Bose particles is clearly observed in the RDF as a well at r = 0; however, the probability of two particles occupying the same volume is significant, in fact the density of BF at zero distance from a particle is (ρ(0)/ ρ = 0.37). As we found out, the calculations become prohibitively expensive when the displacement of BF by an atom becomes complete, i.e. ρ(0) → 0, because the states with large number of Bogoliubov's excitations contribute significantly to the ground state. The Bijl-Feynman spectrum is shown in Fig. 6 and compared to the calculated one. As in the case of the superfluid helium, the spectrum Similar theory has been developed for the excitation spectrum of impurity [25] . Let us assume that |Φ 0 is the ground state of the combined impurity-BF system. Wavefunction that represents motion of impurity independent of BF is given by
As expected, the variational energy of this wavefunction gives no correction to the mass of the particle resulting in the energy,
The next step is to incorporate the possible excitations of the BF into the motion of impurity.
While the exact wavefunctions of BF excited states are not known it is easy to incorporate the Feynman-like excitations by using the states
The pre-factor (N S(l)) −1/2 can be shown to normalize this wavefunction. The state of Eq. (36) has the total momentum k, which results from a particle moving with momentum k − l and BF state of momentum l. These states provide a very natural basis set for the moving particle giving the expression for the moving particle as
Such states are not orthogonal and their overlap can be evaluated; however, it is does not enter the perturbation expression derived below. An important property of these states is that the relevant Hamiltonian matrix elements can be easily evaluated and expressed through the structural properties of the ground state. Using the method developed by Feynman one
and
Here we introduced the impurity/BF structure factor
Using Eqs. (38,39) the second order perturbation correction to the energy Eq. (35) is obtained
At small k, the main term of the denominator Eq. (41) is the energy of the BF excitation
, thus this equation can be reduced to
which leads to the effective mass of impurity given by
Once again, this theory can be easily tested using our numerical results. The impurity/BF structure factor G(k) is essentially a Fourier transform of the BF density distribution around the particle. Both functions are obtained by the analysis of the ground state obtained in our calculations. The density distribution of Bose particles around an impurity, given by
is shown in Fig. 7 . This function is similar to the RDF of BF, except is not normalized to unity at large distances but instead represents the actual density of the BF. In our particular case the density of Bose particles is increased in the region away from impurity compared to the unit value because of the actual displacement of particles in the small system. The energy spectrum predicted by Eqs. (41) is compared to the calculated spectrum in Fig. 8 . It is interesting to note, that the effective mass cannot be understood simplistically as the mass of BF displaced by the interaction with impurity particle. As our calculations show,
The perturbation theory expression, Eq. (41) is equivalent to the one-phonon intermediate perturbation (OIP) result obtained in ref. [25] . Although this equation is not as accurate for a more realistic system of 3 He in 4 He, our calculations show that it captures the essential physics of impurity motion. For our system this result gives an accurate description of impurity excitation spectrum at small k. The most important feature of this theory is that excitation energies are expressed entirely through the structure of the ground state.
The latter can be computed for a realistic system such as liquid He using the wealth of the imaginary time path integral techniques. In other words, the dynamical problem is reduced to a statistical one. A rather complete effort in this direction has been recently undertaken by Zillich and Whaley [18] . Their work combines the variational CBF theory with the diffusion Monte Carlo simulations to compute moments of inertia of molecules in helium droplets. Our work shows quantitative success of much simpler approximations based entirely on the density distributions. This success raises hope that simpler methods based on the perturbation expansions could be used to solve similar problems.
VII. CONCLUSIONS
In this work we present a computational study of a finite one-dimensional system that consists of a BF and an additional impurity particle confined to a ring. None of the interactions are taken to to be small yet the full quantum calculations are converged for this system. The effects of the strong particle repulsion is clearly observed in the structure of the ground state. It is shown that this system exhibits a property of microscopic superfluidity,
i.e. there is a brunch of energy states that corresponds to the motion of an impurity particle.
These are true energy eigenstates of the system that are well separated from the continuum of quantum states of the BF. The calculations suggest a most natural analytical description of impurity motion. In particular, the excited states of the impurity can be obtained from the ground state of the impurity-BF system. It is shown that the excitation spectrum can be accurately predicted from the structure of the ground state.
We believe that the calculations presented in this work provide a valuable illustration to the analytical theory of superfluidity developed over the last sixty years. The classical dynamics nearly ideally illustrates the work of Bogoliubov exemplifying the main approximation inbuilt in his treatment. The dynamics of this system clearly shows the validity of the Landau criterion and shows that it is applicable to finite systems. Finally, the full quantum calculations illustrate in detail the microscopic theory of superfluidity developed by Feynman and his successors. It is our hope that a complete understanding of this model system will help us to combine the modern state of the art computational methods with the wealth of analytical theory developed decades ago.
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